We present an application of a nonstandard approximate method-the finite-rank approximation-to solving the time-independent Schrödinger equation for a bound-state problem. The method is illustrated on the example of a three-dimensional isotropic quantum anharmonic oscillator with additive cubic or quartic anharmonicity. Approximate energy eigenvalues are obtained and convergence of the method is discussed.
Introduction
In molecular, atomic, nuclear and particle physics, it is often required to solve the Schrödinger equation for a quantum system which is not exactly solvable and, in turn, it is necessary to use some approximate methods. Of special importance are the systems described by anharmonic Hamiltonians. However, in nonrelativistic quantum mechanics, apart from perturbation theory, variational method and WKB approximation, there are arguably no other standard methods applicable to these problems.
In this work, we present an application of a nonstandard method-the finite-rank approximation-to anharmonic interactions. This method has already been successfully applied to bound-state problems with both isotropic [1] and anisotropic [2] interactions, as well as low-energy scattering problems with short-range interactions [3] .
First, we provide a general description of the finite-rank approximation method in the context of bound-state problems in nonrelativistic quantum mechanics. Subsequently, we illustrate the method on the example of a three-dimensional isotropic quantum anharmonic oscillator with additive cubic or quartic anharmonicity. Such systems appear, e.g., in the Taylor expansion of arbitrary potential around its local minimum. Finally, we present the numerical results and discuss the convergence of the method.
Finite-Rank Approximation

General Scheme
We are about to solve the time-independent Schrödinger equation for a bound-state problem:
i.e., to find the discrete spectrum of energy eigenvalues E i and corresponding energy eigenstates |ψ i for a system defined by the Hamiltonian H and certain boundary conditions.
First, let us split the full Hamiltonian H into a sum of two terms:
It is convenient to choose H 0 so that its energy spectrum ε n and energy eigenstates |φ n are known, satisfying the timeindependent Schrödinger equation for H 0 :
Equation (1) can be then written in the form:
Introducing the Green's function G 0 (E) of the term H 0 :
we arrive at the Lippmann-Schwinger equation for a boundstate problem:
This is the point where the finite-rank approximation takes place. Our ansatz will be motivated by the following operator identity [4] :
where |χ m and |ξ n form, in general, two distinct complete sets of linearly independent (not necessarily mutually orthonormal) quantum states. Indeed, in (6) we will approximate the term V, assumed to be a local operator:
by a nonlocal finite-rank operator V (N) of rank 1 N, constructed from (7) by means of the N lowest-lying energy eigenstates among |φ n from (3):
where D −1 is the inverse matrix to a matrix D with elements:
In turn, the only restriction in splitting the full Hamiltonian H into the sum (2) is the existence of the matrix D −1 .
2 From (9) it follows that for n = 1, 2, . . . , N the action of the operator V (N) on the eigenstates |φ n is identical to that of V, in accordance with the interpolative character of the Bateman method [5] :
Substituting the operator V (N) into the Lippmann-Schwinger equation (6) in place of V, we arrive at the ansatz:
Projecting onto φ p | V and defining b n ≡ φ n |V|ψ , we reduce the operator-or integral-equation (12) to a homogeneous system of N linear algebraic equations:
for N unknown amplitudes b n , where the elements A pn (E) of a newly defined matrix A(E) read:
Nontrivial solutions of the system of equations (13) exist only for those values of E for which the determinant of the matrix A(E) vanishes:
The discrete set of energies E i satisfying the above equation and ordered by magnitude then constitutes the approximate spectrum of energy eigenvalues of the full Hamiltonian H. For each value E i the system (13) can be solved for b n and corresponding i th approximate energy eigenstate |ψ i can be recovered from (12) as follows:
where b ni ≡ φ n |V|ψ i denotes the solution b n corresponding to the energy E i and we have omitted the minus sign which does not alter the physical state. Note that the state |ψ i has to be further normalized. 2 Hence, e.g., the choice V = 0 is illegal.
Green's Function Approximation
If the explicit form of the Green's function G 0 (E) is known, one can calculate the matrix elements φ p |VG 0 (E)V|φ m in (14) directly. In the position representation, we have:
On the other hand, we can proceed in our approximation even one step further and also truncate the spectral representation of the Green's function operator G 0 (E) from (5) to a finite-rank operator G (R) 0 (E) of rank R:
This way, two free parameters-N and R-emerge in the theory. The elements of the matrix A(E) defined in (14) now take the form:
and for i th approximate energy eigenstate |ψ i from (16) we get:
Note that there is no point in choosing R < N. Indeed, if R = c and N = C, where c < C, the approximate solutions E i and |ψ i reduce to those obtained when both R = c and N = c. In the special case when we choose R = N, the matrix elements A pn (E) from (19) further simplify to:
leading to results E i identical to those obtained via the standard Bubnov-Galerkin method [6] . Furthermore, in the relevant case R ≥ N, the expression (20) for |ψ i simplifies to the following form:
Projecting the result (22) into the position representation, we find an expression for the i th approximate energy eigenfunction ψ i ( r) in terms of a finite linear combination of the first N energy eigenfunctions φ n ( r):
also known in the literature as coupled-channel expansion.
Quantum Anharmonic Oscillator
Full Hamiltonian
We require the solution of the time-independent Schrödinger equation (1) for a three-dimensional isotropic quantum anharmonic oscillator defined by the Hamiltonian H which in the position representation takes the form:
With this choice of H 0 and V, the term H 0 represents the Hamiltonian of a three-dimensional isotropic quantum harmonic oscillator with intrinsic parameters µ (mass) and ω (angular frequency) and the term V plays the role of an additive spherically symmetric cubic (P = 3) or quartic (P = 4) anharmonicity with coupling constant Λ P .
Quantum Harmonic Oscillator
Energy eigenvalues ε kl and corresponding energy eigenstates |φ klm of the term H 0 from (24), labeled by quantum numbers k, l = 0, 1, 2, . . . and m = −l, . . . , l, are well known in the literature. For the energies ε kl we have:
Note that the energy spectrum is degenerate. The corresponding energy eigenfunctions φ klm ( r) take in the position representation the following form:
where ρ ≡ r/r 0 is a dimensionless variable, with r 0 ≡ µω being the natural unit of length; moreover, L (l+ 
with P l (cos ϑ) being the Legendre polynomials in cos ϑ. Finally, the normalization constant N kl can be calculated as follows:
For our purpose, let us label the energy eigenvalues ε kl and energy eigenstates |φ klm by single ordinal number n according to Table 1 . We restrict ourselves up to the 12 lowest-lying eigenstates |φ n with energies ε n within the analysis, as well as the case m = 0. States |φ n corresponding to the same row of the table are degenerate. 
Results & Discussion
Numerical Results
In order to measure the strength of the anharmonicity V in (24), we define the dimensionless coupling constant λ as follows:
In Tables 2-7 , we present the numerical results for the approximate energy eigenvalues E i (in the units of 
Discussion of Convergence
Given fixed N, with increasing R the results E i for i ≤ N approach the accurate results (N = 12) rather quickly. Hence, the accuracy of the N lowest energies can be considerably enhanced without N taking very large values.
On the other hand, the results E i for i > N turn out to be irrelevant, as they deviate from the accurate results significantly.
Finally, the finite-rank approximation is applicable even to strong couplings (λ ∼ 1), although the convergence tends to be slower than in the case of small perturbations. Table 3 . E i 1 2 ω in the case: λ = 0.1, P = 3. Table 4 . E i 1 2 ω in the case: λ = 1, P = 3. 
